>+le(1 -—G) = ico 7:0 = Re 101
Eb—_i—( —a)
= ale T foo = 0| 1+ :
~+ (1 - a)

Ry

) l:R, - Rb(l — a) +- aijl
1eo

R, + Ry(1 — a)
R R,
= ‘L’w[ ’ + J = icaS
R. + Ry(l — a)

Summary—This paper presents a design procedure for the prac-
esign of RC wide-band 90-degree phase-difference networks.
portant part of the paper is the design procedure given in
ook” fashion with a numerical example to clarify it. This
edure consists of many steps, each step being a relatively simple

s should make it a useful design tool for people without much
ground in network theory. A brief theoretical introduction is
ted but this is far too sketchy to be of much use in under-
g just what is behind the design procedure. Some practical
1 construction and alignment are given.

INTRODUCTION

HE PHASE ROTATION method of generating a
single sideband amplitude-modulated signal re-
quires the use of 90-degree phase-difference net-
covering the audio frequency band. The purpose
18 to present a design procedure for obtaining these
Works and to discuss some of the practical matters
th arise in their construction and alignment.

fe important part is the design procedure with the
lerical example. Except somewhat briefly as follows,
Mplete theoretical background, necessary to under-
each design step, is beyond the scope of this pa-
Aince it has been covered mostly in one form or an-
In the literature. (See Bibliography.)

W0 all-pass networks, connected as shown in Fig. 1,
D¢ designed to have the phase difference between
. Output voltages approximate a constant over a
0 of frequencies shown in Fig. 2. The Tschebyscheff
:Of €qual ripple approximation is used, and only the
lassification: R143. Original manuscript received by
» February 12, 1953; revised manuscript received,
1 1953 The work of this paper was supported in part by
; 199ggildLaboratory under Signal Corps Contract No. W-36-039-
: lopment Ir Research and Development Command, Rome Air

y enter, under Air Force Contract No. AF 28(099)-153.
stanford Research Institute, Stanford, Calif.
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Fig. 25—Grounded-base amplifier.
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special case of approximating a 90-degree phase differ-
ence will be covered. The two networks of Fig. 1 can
be further restricted so that they can be constructed

A
NETWORK e
ALL-PASS

ao

B
NETWORK
ALL-PASS

€bo

Fig. 1—Phase-difference networks.

180

90+€
90°
90-¢€

PHASE DIFFERENCE

FREQUENCY

Fig. 2—Equal ripple phase-difference function.

with resistances and capacitances only. This requires

that the poles of the response functions shall be real.
The general response functions of the two all-pass net-

works having the RC restriction are given by (1) and (2).
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€q0 (P - Ual)(P - U'az)( )( )
a P)=—= K ’ 1
JoP) e; (P4 0a)(P + ag)( () W
€50 (P = as)(P — ap)( )( )
b P)=——= K ' 2
JuE) ei (P + a)(P + ou)( ) ) @

The values of ¢ are real and positive.

The problem of design divides into two main parts.
First, the pole-zero pairs or values of ¢ must be deter-
mined so that the difference between the phase shift of
the two networks approximates 90 degrees over the re-
quired relative bandwidth. This determines the response
functions of the two networks. The second part of the
problem is to find two RC networks that realize these
response functions.

REesroNsE FuncrioNs

The phase-difference function is obtained by taking
the ratio ea0/es0. The poles of the response function must
be negative real numbers, but the poles of the phase-dif-
ference function can be either positive or negative. How-
ever, they cannot be zero or infinite.

Locating the pole-zero pairs of the phase-difference
function on the real axis of the complex frequency plane
(p-plane, p=o+jw) is greatly simplified by the use of
the conformal transformation (3).

P = tn (3, k). 3)

This is the elliptic tangent transformation and maps the
p-plane in a doubly-periodic fashion. The mapping of
the w axis branches twice at right angles in such a way
that a band of the w axis maps parallel to the mapping
of the ¢ axis.

To obtain 90-degree phase difference the poles and
zeros are alternated with equal spacing along the map-
ping of the ¢ axis. The additional restrictions are that
they obey the periodicity rule of the mapping function
and the rules of RC all-pass functions. This completely
determines pole-zero locations once numbers of poles
and zeros in the phase-difference functions are known.

The bandwidth ratio f,/f, determines the modulus k
of the elliptic tangent. Once this is fixed the maxima of
the error, ¢, is determined by the number of pole-zero
pairs, 7, in the phase-difference functions.

After these pairs are located in the z-plane they are
found in the p-plane using (3). These values are then
substituted into (1) and (2), putting the negtaive poles
into f,(p) and the positive poles as zeros in f3(p). This is
a very brief explanation of the theory behind steps 1
through S of the design procedure. It is not expected
that the design procedure would easily follow from the
above. However, the design steps will give the answer
and they can be followed in “cookbook” fashion without
any need for an understanding of the underlying theory.

NETWORK REALIZATION

The realization problem does not have a unique result
as there are many different network configurations
which will have the same response function. A conven-

OF THE I-R-E

ient configuration to use is the half-lattice drive
balanced transformer shown in Fig. 3. The reg :
function of this configuration is given by (4)

Zz ese
1 - P f: tul
€o
f(p) = — = —-"% fina!
¢ 1+ g_’f era
ZU be.
Solving this for Z,/Z, we obtain
Z:_ 1=/
Zy 1+ f(p)

Values of p that make 1 —£(p) =0 must be either ze
Z or poles of Z,. Similarly, values of P satisfying 14
=0 must be either poles of Z, or zeros of Z,. :

~ 2, o

—‘Zy""

Fig. 3—All-pass half-lattice network.

The two impedance functions Zyand Z, arextd
tain only resistance and capacitance and therefo
have all their poles and zeros on the negative o 4
the p-plane. This condition will be satisfied if the ¥
of K, and K, in (1) and (2) are small enough. Th
plies that the RC configuration will result in a
minimum attenuation corresponding to the maxi
values of K which produces all real poles and Z€ros o

The poles and zeros of (5) must be divided bet
Z: and Z, so that both are physically realizable RC
pedance functions. Then each impedance can b
ized in the canonical form shown in Fig. 4. Th
usually several alternative ways the poles and 2
(5) can be divided between the two impedances,
result in different yet equivalent networks.

—H

Fig. 4—Canonical form of RC impedance.

The poles and zeros of an impedance functio
mine the impedance except for a constant mul
which adjusts the impedance level of the networ
absolute values of the constants are determln
practical considerations such as the range of &
values available. However, the relation between &
pedance levels for Z,and Z, is important and 158!

K, 1-K
14+ K

K.




;5 the constant of the response functions in (1)

Z)I;Venient to have the network terminated in a
[ ese networks commonly work into the grid of a
tube so it would be ideal if the network could
snated in 2 resistance to be used as a grid leak
apacitance to account for the input capacitance
e. The well-known equivalent circuits of Fig. 5

2z,
ZX! v
e()
zy,
zx! —
z, e, |

¥y

Fig. 5—Equivalent circuits.

e, Z1, is removed from Z, and Z, leaving Z,
the lattice. These are then realized in the

fo;m of Fig. 4. The resulting networks have the
diagram of Fig. 6.

6—~Schematic diagram of all-pass network.

DEsiGN PROCEDURE
is

and edges,

f1 cps; upper band edges, f; cps;
€ degrees,
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1. From bandwidth-ripple curves (Fig. 7) determine
the network complexity #. Leave some safety factor for
alignment tolerance.

TOLERANGE €°

' 0 100 1000

BANDWIDTH RATIO f?ﬁ

Fig. 7—Bandwidth-ripple curves.

2. Compute g:

, _ T
(a) % _E
(b) k=+/T= %"
© 1= lZVE
2 1+ +/k
) ¢ =1+ 254+150+ ...
@ g= e,

3. Compute the sets of angles ¢, and ¢,” for the A and
B networks:

() = oo (dr— 3, = 1, 2 -
a ar = — ¥ — yvr=12,--, —
2n 2
or
n-+1
[A network ]
(b O dr— 1), r=1 2 no 1
r = r — y ¥ =1, y T Ty
4 2n 2
or

n
EY [B network]

(¢* — ¢%) sin 4¢.,

) ¢o’ = tan™!
© T (@t ¢ cos dom

[A network |
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(¢* — ¢°) sin 44,
1+ (¢* + ¢°) cos 4és,

4. Determine the sets of ¢, and Tor’

(d) ép’ = tan~!

[B network].

1
(a) 0o = —— tan (por —

VE

1
(b) Cpr = \/? tan (¢‘br - ¢brl)-

bar')

5. The response functions of the two networks are
given by:
(a) A network—

e r=n/2or (n+1)/2 (p — Oar)
fulp) = — = @+ o)
€; r=1 (P + 0-‘")

(b) B network—

o eDlzora (5 _ g
= — =K h 4oy
Jo() o - (® + o)

where K is a constant as yet undetermined.

6. Determine the maximum K that can be used such
that the network is realized with RC elements only:

(a) Find values of p for which (@/ap) [f.(p)]=0.

(b) Substitute the negative values of p obtained in
(a) into the function f,(p)/K obtaining a set of numbers
whose magnitudes are greater than one. The maximum
magnitude in this set is the reciprocal of K.

(c) Repeat (a) and (b) for £,(p). If K comes out dif-
ferent, then choose the smaller of the two. If # is even
then the maximum K for each network should be the
same.

From now on the design procedures for two networks
are identical so we can drop the distinction between
them. That is, fu(p) and f,(p) are both represented by
).

7. (a) Find all of the solutions of the equation:
j®) —-1=0.

There will be as many negative real solutions of the
equation as the degree of the numerator of Fp) [of
course, second-order roots are possible and must be
counted twice]. Call these To1, 023, 032, Oa5, Os4, €tC., such
that ]O'()lf > l0'23l > Iﬂ'gzl >l0'45{ etc.

(b) Repeat for the equation

@) +1=0

obtaining roots a1s, o2, o3, 03, etc. such that [012] > | oyl
>|034] >]a43] etc.
8. Construct two impedance functions of the form:
7. = K. (0 = o) (p = 02)(p — o) )( )
(p = oa)(p = 0a)(p — o) ) )
(0 = 00)(p = 04 (p — 0ye)( )( )
C =~ e (p— o ()

Z, =K

PROCEEDINGS OF THE I‘R-E

where o,1=001, 0ye=012 and o, =0y or Ty =gy
=012 0y3 =09 and g, =03 O 0,3=0y and Ta=g,
Continue this alternating the process until the lag|
is left. If this last value is a solution of J(p) ~1=0
it is a pole of Z, (p —o factor in the denominato,-o—
If it is a solution of f(»)+1=0, then it 1S a pole ¢
The constants are related by

K. 1-K
K, 14+K

The absolute value of K, is arbitrary and ig ¢
mined from practical considerations of ranges of ele
values available. :

9. The network load capacity is:

CL = .
Kyrfi

To find the load conductance evaluate

1 0210230 z5 * * °

G, = —
K. O 220 240 z6 * * °
1 Ty10y30ys * * *

Ky oya0ys0y6 - - -

If G; <Gy then GL=2G,, but if G,> G, then G=2

10. Find element values: ! 7
(a) We have b)
N(p)
Zx ) = K::* =
® D(p) k
K:N(p)
Za(p) = )

K
D(p) — B (G + pCL)N(p)

(b) Factor the denominator of Z,(p) and exp
partial fraction form:

Z ( ) R + Kzl + Kx?
A e L T - ) v
(c) Obtain element values: .
1
w=—— =123 etc
K..2xf; 2
-1
T erczr27rfl v

(d) Repeat (a), (b), and (¢) for Z,: -

R and py may be zero. If p, is zero, then Ry 1818
i.e., open circuit.

(e) Schematic diagram (Fig. 6). I

(f) Give K, a value such that the values of €l€
are practical. Try to keep the minimum capac
least 100 uuf and the maximum resistance less
megohm (Fig. 8).



NUMERICAL EXAMPLE

rements
fl::SOO cps
f,,=3,000 cps

¢=1.1 degrees.
3 =4.

f (a) k' =0.1
(b) £=0.994987
© 1=0.00062814
(d ¢'=0.00062814
() g=0.262196.
(a) @a=11.25 degrees
a2 =56.25 degrees
(b) Pu=33.75 degrees
dp2="78.75 degrees
(c) ¢a’=2.6411 degrees
Gaz’ = —2.91190 degrees
(d) e’ =2.91190 degrees
¢re’ = —2.6411 degrees.
a) 0a=0.47875
Oga2 =52967
"(b) 0n=1.8879
op2=20.8877.

(» — oa)(p — Oa2)
@ + 0a) (P + 0a2)

@ — o) (P — o3a)
3 b a —1 K 3
() So(2) @+ ou)(p + o)

a) fa(p) = K

K=0.28912.
work :

@) o= —10.2255
T3 = “—024799
(b) T12 =09 = —15924

K,
b+ 1.5924
K.(p + 1.5924)

Ly =

Zy=— .
" 0.55144(p 10.2255)(p + 0.24799)
110288 1.7563
K327rf; L K:n
_ 2.2204K,
= D7 Rs
(® + 1.5924)
0.39620K,
= 0.2488K, --
P
Rip=0 R,0=0.24880K,
21=1.4000K, Ry1= o (open circuit)
C., - 044856 c 2.5240
K:Z’l]‘f} e K:Zﬂ'fl
¢ _ 0.00023797 0.0013390
Il = ——— Cyl = ———
K, K,
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0.00058510

C
L X.
B network:
7. (a) (701=—40.324
093 = “097795
(b) O1p0=091 = ""62797.
K,
8. Z; = .
P + 6.2797
5 K.(p + 6.2797)
= - .
Y 0.55144(p + 40.324)(p + 0.97795)
1.10288 6.9258
9. Cp =" Gp=-—"".
K127rf; z
2.2294K,
10, Zyy = —no— 7
P+ 6.2797
0.39620K,
Zy = 0.06309K, S
P
R:=0 Ry6=0.06309K,
R;;1=O35501K¢; RU1= o«
0.44856 2.5240
Co = ———~ Ca =
K.2xnf, K.2nf,
0.00023797 0.0013390
Ca = — Cp = ——rn—
K, K.
0.00058510
CL = *
K,

The network circuit diagram is shown in Fig. 8. The
value of K, was chosen so as to make the lowest resist-

ance in each network 100,000 ohms. This results in the
following element values:

Lo
=

BALANCED X!
L
INPUT l

AAAA——
R

Fc, outeut

=

1t
1
yo Cyl

Fig. 8—~Schematic diagram of example.

A network: B network:
K,=4.01924%105 K,=1.58498%10°
R,1=3562.7 KQ R:1=562.7T KQ
R,0=100.0 KQ R,,=100.0 KQ
R;=12289 KQ R;=228.9 KQ

Ca1=592.1 upf
C1=3,331 puf
Cr=1,456 puf

Cx]_: 150.1 ,LL,U,f
Cy1=844.8 puf
CrL=2369.2 uuf.

S o
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CONSTRUCTION AND ALIGNMENT

These networks require careful construction and pre-
cise alignment if the phase-difference tolerance ¢ is
within one degree. As a rule of thumb, the elements val-
ues should be within 6§ per cent of their design values
where § is the expected alignment error in degrees. These
networks have been successfully built and tested for val-
ues of € less than 0.2 degree.

Parallel combinations of resistance and capacitance
form the basic impedance units of the network. This is a
good combination to build because it allows for the
shunt capacity of precision-wire-wound resistors and the
shunt conductance of capacitors. Taking into account
these second-order parasitic effects makes precise align-
ment of the parallel RC combination possible.

The networks can be built quite compactly, but care
should be taken in the layout of components to minimize
parasitic capacities between network nodes not having
design capacities between them. The resistances can be
adjusted to the proper values on a dc bridge. These val-
ues of resistance should take into consideration the ef-
fective shunt conductance of their companion capacitors
near the center of the audio band.

Q osc.

DETECTOR

Fig. 9—Bridge circuit used for alignment.

Each parallel RC combination should have a trimmer
capacitor across it for final alignment. A nonfrequency-
selective bridge of the type shown in Fig. 9 is used to
align each combination.

CTIE=70

PROCEEDINGS OF THE I-R-E

First the resistances R; and R, are removed §
bridge and a standard capacitor is set to ¢
value of the capacitance to be aligned anq is py
C; position. C; is adjusted for bridge balance;
standard capacity is replaced by the RC comb
be aligned. Next R; is added to the circuit and t
is again balanced by adjusting R, and the tring
pacitor of the network. This will give the corre
ment of the circuit if the addition of R, diq not:
the effective capacity Ci. However, the additi '
physical resistance across C; will add some addie g R
capacitance to Cy. Therefore R, should have its
shunt capacity measured as a function of re
and for any resistance setting the capacitor C, gh
reduced by the appropriate amount.

The networks are conveniently driven by trag
ers having their secondaries very accurately”
tapped. A cathode follower provides a good low:
ance driving source for the transformer. The oy
the network should work into the grid of a vacuy
to provide a controlled load for the network. The
impedance should be aligned taking the input ¢
of the tube into account. ;
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